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\ Many unsupervised learning methods
are closaly related in a ssmple way

K-means Spectral
clustering Clustering

Semi-supervised
classification

| ndicator Matrix Semi-supervised
Quadratic Clustering clustering

Outlier detection

. .\.
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Part 1.A.
Principal Component Analysis (PCA)
and

Singular Value Decomposition (SVD)

e Widely used in large number of different fields

e Most widely known as PCA (multivariate
statistics)

e SVD is the theoretical basis for PCA

PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding
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Brief history

e PCA

— Draw a plane closest to data points (Pearson, 1901)
— Retain most variance (Hotelling, 1933)

e SVD

— Low-rank approximation (Eckart-Young, 1936)

— Practical application/Efficient Computation (Golub-
Kahan, 1965)

e Many generalizations

PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding
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N PCA and SVD

Data: 77 points in pdim: X =(X,Xo,"*, X,)

p
Covariance C=XX"= Zﬁkukug

k=1
I
Gram (kernel) matrix X' X = ZﬂkaVI
k=1
Principal directions: U, Principal components: V|
(Principal axis,subspace) (projection on the subspace)

P
Underlying basis: SVD X = ZGkUkVI =Uzv'
k=1

PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding



Further Developments

SVD/PCA

e Principal Curves

e [Independent Component Analysis

e Sparse SVD/PCA (many approaches)

e Mixture of Probabilistic PCA

e (Generalization to exponential familty, max-margin
e Connection to K-means clustering

Kernel (inner-product)
e Kernel PCA

PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding



Methods of PCA Utilization

Principal components X = (X, X+, Xp)
(uncorrelated random variables):

U = U (D Xy +---+u (d) - Xg

P
Dimension reduction: X = ZO'kukVI =UzVv'

k=1
Projection to low-dim X — UT X U= (U, -,u)
subspace
Sphereing the data >Z _c2x =uxUTx
Transform datato N(0,1)

PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding
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Applications of PCA/SVD

e Most popular in multivariate statistics

* |mage processing, signal processing

* Physics: principal axis, diagonalization of
29 tensor (mass)

« Climate: Empirical Orthogonal Functions
(EOF)
. Kamanfilter. S =As” +E, P" = APUA

* Reduced order analysis

PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding
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Applications of PCA/SVD

e PCA/SVD Is as widely as Fast Fourier Transforms
— Both are spectral expansions
— FFT is more on Partial Differential Equations
— PCA/SVD is more on discrete (data) analysis

— PCA/SVD surpass FFT as computational sciences
further advance

e PCA/SVD

— Select combination of variables

— Dimension reduction
e An image has 10* pixels. True dimension is 20 !

PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding
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— PCA Is a Matrix Factorization
(spectral/eigen decomposition)

Principal directions: |y = (Ug, Uy, -, Uy )

Principal components: V' = (Vy,V,, -,V )

p
Covariance ~ C=XX' = Z/IkukuI =UAU'
k=1

r
Kernel matrix X' X = Zﬂkvkvl =VAV'
k=1

P
Underlying basis: SVD X = ZGkUkVI =Uzv'
k=1

PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding 10
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From PCA to spectral clustering

using generalized eigenvectors

Consider the kernel matrix:  W; = <¢(XI ), d(X; )>
In Kernel PCA we compute eigenvector: VWV = AV

Generalized Eigenvector: W = ADQ

D=diag(dy,+d) di=)" w,

Thisleadsto Spectral Clustering !

PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding 11
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Scale PCA = Spectral Clustering

PCA: W = Zkvk/lk Vi

1
2

Scaled PCA: W =D2WD

D ZQk;Lk d D
k=1
W=D D2, W =w;/(dd,)"?

_1
=D 2v, scaled principal component

PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding 12



\ Scaled PCA on a Rectangle Matrix
— Correspondence Analysis

Rescding: P= Dr_%PDC_%, R =R, /(ﬂ_pj.)]jz

—~

Apply SYvDon P Subtract trivial component

P-rc'/p.=D,> fA.9.D, r=(p,-p)
k=1
fk: Dr_%uki gk: D_%Vk C:( O.l’. O p.n)T

C

are scaled row and column principal
component (standard coordinates in CA)

(Zha, et a, CIKM 2001, Ding et al, PKDD2002)
PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding 13
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Nonnegative Matrix Factorization

Data Matrix: 77 points in p-dim:

. Isanimage,
X :(Xl,X ,“',Xn) X' document,
webpage, etc
Decomposition T
(low-rank approximation) X =FG
Nonnegative Matrices
X. >0, F >0, G =0

F=(f,f, - f) G=(0,0,,0)

PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding 14
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| Solving NMF with multiplicative updating
J=||X-FG'|F,F=0,G=0

Fix F, solvefor G; Fix G, solvefor F

Lee & Seung ( 2000) propose

(XG), (XTF),
F.«F ' G, « G :
" Y(FG'G), o T (GFTR),

PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding 15
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........ Matrix Factorization Summary
Symmetric Rectangle Matrix
(kernel matrix, graph) (contigency table, bipartite graph)
PCA:  w=VAV' X =UzV'
Scaled PCA:.:
W=D?WD? =D QAQ'D X =D?X D? =D, FAGTD,

NME: W =QQ" X = FG'

PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding 16
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Indicator Matrix Quadratic Clustering

Unsigned Cluster indicator Matrix H=(h,, -, hy)

Kernel K-means clustering:

max Tr(H 'WH), st.H'H=1,H>0
H

K-means: W=X"X; Kernel K-means w=(<g(x),¢(x;)>)

Spectral clustering (normalized cut)

max Tr(H 'WH), st.H'DH =1,H >0
H

Difference between the two is the orthogonality of H

PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding 17
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HEREELEY

Indicator Matrix Quadratic Clustering

Additional features:

Semi-suerpvised classification: ml_c’lﬂx Tr(H "WH +CT H)

Semi-supervised clustering: (A) must-link and (B) cannot-link constraints

max Tr(H "WH +oH " AH — sH T BH)
H

Outlier Detection: mlj\xTr(HTWH) allowing zero rowsin H

Nonnegative Lagrangian Relaxation:

Hik < Hik\/(\AH)ik+C‘k/2, a=HT™WH +HTC.

(Ho)ik

PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding
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« PCA
— Recent developments on PCA/SVD
— Equivalence to K-means clustering
« Scaled PCA
— Laplacian matrix
— Spectral clustering
— Spectral ordering
« Nonnegative Matrix Factorization
— Equivalence to K-means clustering
— Holistic vs. Parts-based
e Indicator Matrix Quadratic Clustering
— Use Nonnegative Lagrangian Relaxtion
— Includes
« K-means and Spectral Clustering
« semi-supervised classification
e Semi-supervised clustering

e Qutlier detection
PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding
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Part 1.B.
Recent Developments on PCA and SVD

Principal Curves

Independent Component Analysis
Kernel PCA

Mixture of PCA (probabilistic PCA)
Sparse PCA/SVD

Semi-discrete, truncation, L1 constraint, Direct
sparsification

Column Partitioned Matrix Factorizations
2D-PCA/SVD
Equivalence to K-means clustering

PCA & Matrix Factorization for Learning, ICML 2005, Chris Ding
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PCA and SVD

Data Matrix: X = (X, X5, X))
p

Covariance C=XX"=>Auu
k=1

:
Gram (kernel) matrix X' X = ZﬂkaVI

k=1
Principal directions: U, Principal components: Vk
(Principal axis,subspace) (projection on the subspace)

P
Underlying basis: SVD X = ZO‘kUkVE
k=1

PCA & Matrix Factorization for Learning, ICML 2005, Chris Ding 21



T

‘f Kernel PCA

X — @(X)
Kernel Kij _ <¢(X| )1¢(Xj )> PCA Component \/

Feature extraction

(Vo)) =" vi(#(%).6(2)

Indefinite Kernels

Generalization to graphs with nonnegative weights

(Scholkopf, Smola, Muller, 1996)

PCA & Matrix Factorization for Learning, ICML 2005, Chris Ding 22



*. Mixture of PCA

e Datahaslocal structures.
— Global PCA on all datais not useful
e Clustering PCA (Hinton et al):
— Using clustering to cluster data into clusters
— Perform PCA 1n each cluster
— No explicit generative model
 Probabilistic PCA (Tipping & Bishop)
— Latent variables
— Generative model (Gaussian)

— Mixture of Gaussians = mixture of PCA

— Adding Markov dynamicsfor latent variables (Linear
Gaussian Models)

PCA & Matrix Factorization for Learning, ICML 2005, Chris Ding
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"“\q\.l Probabilistic PCA
— Linear Gaussian Model

L atent variables S=(s..-:-,s,)

x =Ws +u+e, &~N(O02)

Gaussian prior  P(s) ~ N(s,,021)
X~ NWs,,021 + cWW ')

Linear Gaussian Model

§+1:A§+77’ X|:W§ + £,

(Tipping & Bishop, 1995; Roweis & Ghahramani, 1999)

PCA & Matrix Factorization for Learning, ICML 2005, Chris Ding 24



Sparse PCA

. Compute afactorization X=UV'
— U or V is sparse or both are sparse

o \Why sparse?
— Variable selection (sparse U)
—Whenn>>d
— Storage saving
— Other new reasons?

* |, and L, constraints

PCA & Matrix Factorization for Learning, ICML 2005, Chris Ding
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= Sparse PCA: Truncation and

Discretization
X =UxV'

o Sparsified SVD U=U-u) V=0V
— Compute{u,,v,} oneat atime, truncate those entries
below athreshold.

— Recursively compute all pairs using deflation.
— (Zhang, Zha, Simon, 2002)

e Semi-discrete decomposition
— U, Vonly contains{-1, O, 1}

— |terative algorithm to compute U,V using deflation
— (Kolda& O'leary, 1999)

X « X —ouwv'

PCA & Matrix Factorization for Learning, ICML 2005, Chris Ding 26
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Sparse PCA: L, constraint

e |LASSO (Tibshirani, 1996)
min|ly- X8I, |l 8lhst
SCOTLASS (Joliffe & Uddin, 2003)

maxu' (XX")u", Julkst, u'u,=0

L east Angle Regression (fron, et al 2004)
o Sparse PCA (Zou, Hastie, Tibshirani,2004)

k

mmZIM o % P MZ BilF+> 2l B h o=
j=1

Vi —ﬂ,/llﬂJ

PCA & Matrix Factorization for Learning, ICML 2005, Chris Ding
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Sparse PCA: Direct Sparsification

o Sparse SVD with explicit sparsification

min || X —udv'||c +nnz(u) + nnz(v)
u,v

— rank-one approximation (Zhang, Zha, Simon 2003)
— Minimize a bound
— deflation

 Direct sparse PCA, on covariance matrix S
u=maxu' Su=maxTr(Suu')=maxTr(SU)
st. Tr(U) =1, nnz(U) <k? U=0, rank(U) =1

(D’ Aspremont, Gharoui, Jordan,Lancriet, 2004)

PCA & Matrix Factorization for Learning, ICML 2005, Chris Ding



.g_ Sparse PCA Summary

 Many different approaches
— Truncation, discretization
— L1 Constraint
— Direct sparsification
— Other approaches
o Sparse Matrix factorization in general
— L, constraint

e Many questions

— Orthogonal ity
— Unique solution, global solution

PCA & Matrix Factorization for Learning, ICML 2005, Chris Ding
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PCA: Further Generalizations

o Generalization to Exponential Family
— (Collins, Dasgupta, Schapire, 2001)

o Maximum Margin Factorization (sewo, remie, xekkoia, 2000
— Collaborative filtering
— Input Y isbinary

— Hard margin Y. X, >1Viae S
— Soft margin

min|| X [l +c ) max(01-Y,X;,)
lae S
X=UVT, [IXIEZUU B0 +IIV IEo)

PCA & Matrix Factorization for Learning, ICML 2005, Chris Ding 30
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e COlUMN Partitioned Matrix Factorizations

N

X :(Xl’...xn):(xl...xnl’ an+1‘“xn2"“’ Xnk_1+1...xn)

M+--+N=n

e Column Partitioned Data Matrix (2heng & Zha, 2000)

« Partitions are generate by clustering (Oillon & Modha, 2001

e Centroid matrix U=(u:--u) (Park, Jeon & Rosen, 2003)
— U, iscentroid
~ FixU, compute V. min||[X-UV' |2 v=xuuTu)™

* Represent each partition by a SVD. ke K,

) ; — —

— Pick leading Usto form U —(Ug,-U,) = (u(l) (1)’ . (K) (f))

— Fix U, compute V
o Severa other variations (Castelli, Thomasian & Li 2003)

(Zeimpekis & Gallopoulos, 2004)

PCA & Matrix Factorization for Learning, ICML 2005, Chris Ding 31
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,,,,,,,, Two-dimensional SVD

o Large number of data objects are 2-D: images, maps

e Standard method:
— convert (re-order) each image as a 1D vector
— collect all 1D vectorsinto asingle (big) matrix
— apply SVD on the big matrix
o 2D-SVD isdeveloped for 2D objects
— Extension of standard SVD
— Keeping the 2D characteristics
— Improves quality of low-dimensional approximation
— Reduces computation, storage

PCA & Matrix Factorization for Learning, ICML 2005, Chris Ding 32
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Linearize a 2D object into 1D object

-

PCA & Matrix Factorization for Learning, ICML 2005, Chris Ding
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Pixel vector
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— SVD and 2D-SVD

SVvD X=(X1,X2,°“,Xn)
Eigenvectorsof XX' and XTX

X =uzVv' >=U'XV

2b-svD A =1AL A A

Eigenvectors of
F = Z (A-A)A-A)"  row-row covariance

G= ZI: (A-A)'(A-A) column-column cov

IA:UMiVT Mi:UTAV

PCA & Matrix Factorization for Learning, ICML 2005, Chris Ding
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iy 2D-SVD

A =1AA A assume A=0

row-rowcov:  F =% AA" =% Auul
col-col cov: G =Zi A'A=Cuul
Bilinear U =(u1,lIJ2,---,uk)k:1
subspace  V =(V, Vo, Vi) M, =UTAV
A =U|\/|iVT,i =1---,n
AecRUeR™VeRM, e R

PCA & Matrix Factorization for Learning, ICML 2005, Chris Ding
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2D-SVD Error Analysis

- T2 P 2
SVD: min|| X -USVT|P= Yo

I=k+1

A =LM,R", A e R Le R™ Re R M, e R

mmJl—Z IA - LM, |P= Z:,

= k+1
msz_Z 1A —MR" |PP= Z/z
1=1 j=k+1
msz_Z | A - LM R"|P= 2/1 + 251
j= k+1 j=k+1

man4—Z | A = LM, L2 ~22/1

j=k+1

>
Q

36
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—

Temperature maps (January over 100 years)
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Reconstruction
Errors

SVD/2DSVD=1.1

Storages
SVD/2DSVD=8
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Reconstructed image

N B B =

ey \:‘ 1;. _‘;" '_I:f'l SVD
N B B B S

REREEHEEE -~

SVD (K=15), storage 160560
2DSVD (K=15), storage 93060

PCA & Matrix Factorization for Learning, ICML 2005, Chris Ding
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2D-SVD Summary

e 2DSVD is extension of standard SVD

e Provides optimal solution for 4 representations for
2D images/maps

e Substantial improvements in storage, computation,
guality of reconstruction

e Capture 2D characteristics

PCA & Matrix Factorization for Learning, ICML 2005, Chris Ding
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Part 1.C.
K-means Clustering <
Principal Component Analysis

(Equivalence between PCA and K-means)

PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding
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— K-means clustering

e Also called “isodata”, “vector quantization”

e Developed in 1960’s (Lloyd, MacQueen, Hatigan,
etc)

e Computationally Efficient (order-mN)

e Widely used in practice
— Benchmark to evaluate other algorithms

Given n points in m-dim: X = ()(1,X2,---,Xn)T

K
K-means objective  minJ, =>» > [|x —¢ |

k=1 Iie Ck
41

PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding
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PCA is equivaent to K-means

Continuous optimal solution for cluster
Indicators in K-means clustering are
given by principal components.

Subspace spanned by K cluster centroids
IS given by PCA subspace.

42
PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding
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— 2-way K -means Clustering

Cluster membership +yn,/nn if ieC

- 1) =+

indicator: a) \_\/nl/nzn if ieC,
J =n<X2>—J J _ N 2d(C1,C2)_d(C1,C1)_d(CZ,CZ)
‘ R U

Define distance matrix: D =(d,), d; =}x — x|

Jpb=—q'Dg=-q'Dg=2q"(X"X)q=2q"Kq D=K

minJ, = maxJ, |Solution is principal eigenvector v,of K

Clusters C,, C, are determined by: C; ={i|v(1)<0},C, ={i|v(i) =0}

43
PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding
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PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding

A simple illustration

(A

05

(B

40

4a



T

’ f:-r:?{\r" m

mmse . DNA Gene Expression File for Leukemia
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PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding

Using v, , tissue
samples separated
Into 2 clusters, 3
errors

Do one more K-
means, reduce to 1
error
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Unsigned Cluster membership indicators h;, -, hy:

PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding

C1CZCB
10 0
1 0 0
0 10
00 1

Multi-way K-means Clustering

= (h, hy, )

46
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Multi-way K-means Clustering
K 1 K
Jk :Zi X‘Z_Zn_Zi jeC X' X :Zi X = ) XX
k=1 'k K k=1

(Unsigned) Cluster indicators H=(h,, -, hy)

J. =Z>g2—Tr(H;{xT><Hk)

K
Regularized Relaxation  Redundancy: ;n&’zhk e
Transform hy, -, hy to g, - ¢, viaorthogonal matrix T

(ql""’qk):(n"",r\()T Qk: HkT ql:e/r]l/2

47
PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding
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— Multi-way K-means Clustering

maxTr[Qu (X" X)Q 4]  Qui=(Cs- )

Optimal solutions of g, - g, are given by
principal components Vv, - V,.

Ji 1s bounded below by total variance minus
sum of K eigenvalues of covariance:

— K-l

nxz—Zﬂk <minJ, <nx?
=1

48
PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding
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— Consistency: 2-way and K-way approaches
Orthogonal Transform: [ \/Lnl; B \/—”nnl//j

T transforms (h,, h,) to (q,,0,):

h=(-10-0", h,=(0-01-1" .

I
HER

0 = (1 y '1)T1 O = (a1 B a!_b’ ot !_b)T ° n,n

Recover the original 2-way cluster indicator

49
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m\ . Test of Lower bounds of K-means clustering

Krneana objeclive lanclion value and Lhoorelical bounds for § dalasais. | JOpt B J LB |
Dadameda: A2 opt
Krncans 18931 15906 18940 18040 (3991 (18993 1852 (5952 15590 (8519 —
"2 5530 185.14 L5557 15556 18910 (5589 I5F55 18854 (879l L8725 0453%

12orig L8737 18719 87Tl L8768 18827 (8799 (85695 18753 L8720 (8637 094%
l2cerd. 15509 (8485 15563 18533 18625 (8544 I55.00 |85.56 1847 18402 Z2.13%

1Dalamels: HZ
Krneans 18520 18768 15731 18647 15708 [86.12 (87.12 18736 L1553l 1835.450 —
1’2 (5444 189669 18605 |85 18617 18529 186.13 18562 18473 18419 060%

12orig 18322 183550 18497 13367 13502 18419 133 13450 18355 13303 122%

12ceml. 18004 [S29F 183236 180.FL (5246 15117 13238 (5L.7F (3042 17990 2.74%
Nalascls: A5 Balancad

Krnaans 43968 46218 46132 46350 46170 46270 44011 46324 46353 46354 2 —

1’5 452 Fl 45670 45458 45761 45619 45673 43319 45300 45750 45510 L3R
Dalaaals: A5 Unbalanced

Krneans 57021 G70.89 57606 57829 487610 57912 §7.f G487 47628 5734l —

1’5 56863 56800 S5T0.10 5TL.88 569.51 57226 57315 56798 5603 566.70  L.L6W
Nalancls: BS Halanced

Krnecans 46456 46400 46621 46315 46358 46470 48445 46507 46604 463901 e

13 458.F77 45687 45938 435.19 45623 45823 43537 45838 45097 45554 L.36%
Nalasels: B Unbalanced

Krnaans  580.14 58111 58076 58232 57862 55122 58263 57593 457827 &SM83) —

1’5 57244 57297 57460 57528 5TFL45 5404 57518 SFLFE S5YLIG6 SFL.L3 L.25%

L ower bound is within 0.6-1.5% of the optimal value

50
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\ Cluster Subspace (spanned by K centroids)
= PCA Subspace

Given a data point X,
P=> cct  project x into the cluster subspace
k
Centroid is given by G =Y he(i)x = Xh,
P=> cc =X ) hh X" = kavkv{xT = AUyug
k k k k

T T _
I:)K—rneans — Zﬂkukuk = Zukuk = I:)PCA
k k

PCA automatically project into cluster subspace

PCA is unsupervised version of LDA

51
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Effectiveness of PCA Dimension Reduction

Clustering accuracy as the FPCA dimension = redticed

from original 1000,

Dim  AS-B Ad-1 Ba3-B Ba-U

5 0.81/091 088/0.86 0.53/0.70 0.64/062
§ 0.91/090 0.87/0.86 0.67/0.72 0.64/0.62
10 0.90/0.90 0.89/0.88 0.74/0.75 0.67/0.71

20 0.85 0.50 0.74 0.72
< U.86 0.51 0.63 0.63
1000 0.75 0.77 0.56 057

PCA & Matrix Factorizations for Learning, ICML 2005 Tutorial, Chris Ding
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Kernel K-means Clustering

Kernal K-means objective: X —> ¢(x|)

minJ Z D l1o(x)~(e) I

k=1 ieCy
K
= 19(x) [ - Z D 60T o(x))
i k=

1 My I, jeCy

(6(%),0(x))

K1
Kernal K-means maxJi => —
k=1 My i,jeC,
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Kernel K-means clustering

IS equivalent to Kernal PCA

Continuous optimal solution for cluster
Indicators are given by Kernal PCA components

Subspace spanned by K cluster centroids
are given by Kernal PCA principal subspace
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